Definitions and Notation.
Let f : R -+ R be continuous and xo E R. The orbit of xo under f is defined as the set {x : x = fn(Xo), n = 0, 1,.. .}, where, for every positive integer n, f" is the n-th iterate of f, fl = f, and f°(xo) = x0. We shall write X, :=fn(xo) for a given x0 E R and call x 1 ,x 2 ,... the successors of x0. A preorbit of a given xo E R is any (finite or infinite) sequence x0, 
where v + 1 = k = 1 if n is even and v = -= k if n is odd.
An infinite preorbit (X 0 , X-1, X-2 ,...) is called elemmntary if the inequalities
hold.
Periodic orbits of period two or three are by definition elementary orbits. We adopt the following notation : P(k), P(1), E(k), E(oo), mean that f has a periodic orbit of period k, a fixed point, an elementary periodic orbit of period k, an infinite elementary preorbit, respectively. Similarly, P m (k), E m (k), E(oo), m = 2,3,..., mean that the m-th iterate f m of f has a periodic orbit of period k, an elementary periodic orbit of period k, an infinite elementary preorbit, respectively.
Sarkovskii's Theorem and Theorem (SE).
Using the notation introduced in Section 2., Sarkovskii's theorem and its extension, Theorem (SE), read as follows.
Theorem (Sarkovskii) . Let f : R -_l R be continuous. Then
... ::: ... =0:: P(2 3) =; P(2 2) =* P(2) #. P(1).
Theorem (SE). Let f : R --R be continuous. Then
*E(o0)
... implies that f has a fixed point in K.
.., n-1, and xo = xn. If n is odd, at least ½(n+ 1) of the L-intervals are mutually disjoint. Since any period of xo, i.e., the number of distinct points in the orbit of xo, is a divisor of n, xo has period n. If n is even and greater than 2, at least !! of the L-intervals are mutually disjoint. Consequently, x0 2 has period n or n. If xo has period 2, then xi = x+i, i =0, 1,2,..., -1.
Since xi E Li+ 1 and zi = xn+i E Ln++i+, we have xi E Li+il "Ln++i+I, i -0,1,2,..., -1. This completes the proof. The following four propositions establish that the set of elementary orbits is totally ordered with respect to the relation "implies".
Proof. Let (XO, x 1 , ... , x 2 ,n) be an elementary (2n + 1)-periodic orbit and assume without loss of generality that X 2 n < X 2 n-2 < "'" < X4 < X2 < XO = X 2 n+l < Xl < X 3 < " < X 2 n-3 < X2n-1-As a consequence of the intermediate value property of f we conclude the existence of a fixed point co and predecessors c-1 and C-2 satisfying
X2n <: C-1 <• X2n-2 <• <: X2 <• XO <: CO <• X1 <: <: X2n_3 <C-2 < ,2n-1 (1 if n = 2,3,... and If we let Remark. We notice that the total ordering of the periodic elementary orbits is different from Sarkovskii's ordering.
The Relationship of P(n) to E(n).
Among the points of a periodic orbit P we denote by P+ the set of those points x in P with f(x) > x and by P-the set of points in P with f(x) < x. If (a) occurs, then span P contains three disti-2ct "forced" fixed points, one each in the intervals (m,m-), (m-,M+), and (M+,M). This situation ensures always the existence of a three-periodic orbit as follows from the slightly more general Theorem 2. below. If case (b) occurs, only one "forced" fixed point in the span of P is assured and, in general, no conclusion for the existence of an elementary periodic orbit other than E(2) or E (4) is possible. However, if the periodic orbit P is such that P+ n f(P+) 9 0 (or P-n f(P-) # 0), then an odd elementary periodic orbit is necessarily present. This will be the case, for example, if the period of P is odd. This fundamental situation is dealt with in Theorem 3.. It is this theorem and its corollaries which provides one of the crucial steps from the hierarchy of elementary orbits to Theorem (SE) and, hence, to Sarkovskii's theorem.
Theorem 2. If P is a periodic orbit of f such that its span contains two fixed points separated by at least one point of the orbit, then f has a threeperiodic orbit.
Proof. Let In, M] be the span of P and co, do fixed points of f such that
where a is a point of the orbit. We may assume that the interval (Co, do) contains only points Then it follows that co gives rise to the existence of an infinite preorbit called an infinite loop, a much stronger conclusion (see [6] for the notion of infinite loop and its equivalence with the notion of turbulence [6] ).
Theorem 3. Let P be a periodic orbit of period n > 3. If the spans of P+ and P-are disjoint and f(P+) nl P+ # 0 (or f(P-) nl P-5 0), then f has an odd elementary orbit of period 2k + 1 < n.
Proof. We order the points in P+ in descending order, the points in Pin ascending order as follows:
where co is a critical point, p+q = n, and x'+1 denotes the largest point in P+ with the property f(x+'+) E P+. Thus i > 1. We let zI = x1, L 1 = [z 1 , Col and select successively unique points z 2 E P-, z 3 E P+ with z 3 < zI and let L 2 = [Co, z 2 ], L 3 = [z 3 ,z'] as follows: z 2 = max f(LI) n P-, z' = min f(L 2 ) n P+. We note that z 2 is well-defined as z' = x 1 and f(x 1 ) E P-ensures f(L 1 ) n P-9 0 as well as y' < z 2 < yq. Furthermore, z 3 is well-defined with z 3 < z 1 since y' E L 2 ensures f(L 2 ) n P+ 9 0, and so z 3 < z 1 < x 1 , but z 3 = z' forces the orbit of x 1 , that is P, to be contained
and conclude a three-periodic orbit by lemma F (this happens, for example, if z 2 = yq). If however, z3 > x 41, we select successively unique points z 4 E P-with z 2 < z 4 and z 5 E P+ with z 5 < Z3 as follows: Theorem 5. If f has an odd period that is not elementary, P(2n + 1) # E(2n + 1), then P(2n + 1) ; E(2k + 1) for some k with 1 < k < n.
As a consequence of this theorem we obtain the theorem that is known as Stefan's theorem. Theorem 6 (Stefan) . If f has a periodic orbit of period 2n + I but no periodic orbit of period 2k + 1, k < n, then P(2n + 1) = E(2n + 1).
Remark. Periodic orbits for which the hypotheses of theorems 2. and 3. do not hold are even orbits for which P+ = f 2 (P+) holds and include all elementary even periodic orbits.
7. The Propositions P 2 (n) 4:ý P(2n) and P(4) =* E(4). Proposition 5. P 2 (n) 4• P(2n), n > 2.
Proof. P(2n) =o. P 2 (n): Let (x0,X 1 ,.. .X,-1), XO = x2,, be any 2n-periodic orbit of f. Then, setting x0 2 = x0, we note that (Xo, 1,. .., n_l) is an n-periodic orbit of f 2 . Hence, P(2n) =. P 2 (n). P 2 (n) =* P(2n): Let (X2,X2,... , X2_), Xo 2 = x, be an n-periodic orbit of f 2 .
Then, setting x 0 = x01 we obtain the periodic orbit (Xo, X, 2,... ,X2n-1), X= x 2 ,, which has a period n'. n' is either 2n or a divisor of 2n. If n' 2n, then n' must be an odd number n' > 3 (because an even n' forces (oz2,. . .,._I), 42 = x•, to have period less than n). Thus f has a periodic orbit of period 2n or a periodic orbit of period n' = 2k + 1 > 3. In the latter case Theorems 4. and 1. guarantee that f has a 2n-periodic orbit since P(n') = P(2k + 1) =• E(2k + 1) =• E(2m) for all k > 1 and m = 1,2,....
Hence, p 2 (n) =o-P(2n). This completes the proof.
Corollary. P 2 ' (n) 4* P(2mn), m = 1, 2,..., n = 2, 3,.... (ii) X4 = Xo < X 3 < X 2 < X1
(iii) X4 = Xo < Xl < X 3 < X2
(iv) X4 = Xo < X 3 < X1 < X 2 define each three natural intervals that satisfy the conditions of Lemma F, and, therefore, ensure the existence of a 3-periodic orbit, which, in turn, implies an E (4) Since E 2 (2) #-P(4) • E(4) => E(2), we obtain the following important corollary.
Corollary. E 2 (2) #-E(2).
Principal Results.
If we consider the total ordering of the elementary orbits for the functions f, f 2 , ... , f 2 -, f2-+ 1 ,..., then the implicationsE(6) =:P(6) =-P' (3) =*E 2 (3) and E 2 (2) #-E(2) provide the linkage shown in the following result. 
